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Analysis of The Relationship Between Fibonacci
and Lucas Numbers in Modular 7 And 8
Erli Farlinda, Syamsudhuha and Sri Gemawati
Abstract. In this article some relationships between the Fibonacci and Lucas
numbers in modulo 7 and 8 are proven. The are some relationships in modular
7 such as
“`∗F 7n´n (mod 7)”6 ≡ 0 (mod 7), for every n = 8k, 1 for another n.
Fibonacci numbers in modulo Z2 an Z4 have a relationship with modulo Z8 namely
2Ln (mod 4)− 9Ln (mod 2) ≡ (Ln (mod 8))4.
1. INTRODUCTION
Fibonacci sequence is defined by Fn+1 = Fn + Fn−1 with F0 = 0, and
F1 = 1 and Fibonacci Fn, have the series numbers (0, 1, 1, 2, 3, 5, . . .), and
the next number is found by adding up the two consecutive numbers before
it. One of the generelized Fibonacci is Lucas sequence. Lucas sequence, Ln,
is the series of numbers 2, 1, 3, 4, 7, 11, . . .) with initial condition L0 = 2 and
L1 = 1, and the next number is found by adding two consecutive numbers,
like Fibonacci [1].
In general, the Fibonacci characterized has generated by integers, for
example: Cassini and Catalan identity by Robert [7]. In 1990, Freek [1]
gave a relationship between Fibonacci numbers and Phytagoras theorem.
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Then, Magdalena and Adam [5] gave 72 properties of Fibonaci numbers on
integers in 2004.
In 1996, Marc in his thesis [6], wrote about the period of Fibonacci
numbers for modulo n, for 2 ≤ n ≤ 50. Leyandekker and Shonnon [3] dis-
cussed modulo ring Z5, and they [4] analyzed the structure of Fibonacci
numbers in modulo rings in 2013. Then, in 2018 Muslim [9] discusses the
identity of Fibonacci numbers in modulo 6. In this paper, we will carry out
the same analysis of Fibonacci and Lucas numbers in modulo 7 and modulo
8 as that of Muslims and Leyandekker.
2. THE FIBONACCI NUMBERS, MODULAR 7 AND
MODULAR 8
The value of Fibonacci number in modular ring Z7 is the integer with mod-
ular 7 and modular 8 is given i table 1 and 3. Then, in the discussion,
the Fibonacci numbers in modular 7 and modular 8 are denoted by ∗F 7n and∗F 8n . By using definition 1, the values of the terms of the Fibonacci numbers
in modular 7 and modular 8 are seen in the following table.
Table 1: The Fibonacci numbers in modular 7
n 7F ∗ n 7F ∗ n 7F ∗ n 7F ∗ n 7F ∗ n 7F ∗
1 17 9 67 17 17 25 67 33 17 41 67
2 17 10 67 18 17 26 67 34 17 42 67
3 27 11 57 19 27 27 57 35 27 43 57
4 37 12 47 20 37 28 47 36 37 44 47
5 57 13 27 21 57 29 27 37 57 45 27
6 17 14 67 22 17 30 67 38 17 46 67
7 17 15 17 23 67 31 17 39 67 47 17
8 07 16 07 24 07 32 07 40 07 48 07
From Table , it can be seen that the Fibonacci numbers in modular 7
return to their original number after the 16th term (∗F 716). Values of terms
of the Fibonacci numbers in modular 7 form a pattern written in the follow-
ing symbol A7A7B7C7B−17 A7A
−1
7 0 where A7 states the value of Fibonacci
numbers 1 and 6, B7 states the Fibonacci numbers 2 and 5, and C7 states
the Fibonacci numbers 3 and 4, A−17 states the Fibonacci numbers 6 and 1,
and B−17 states the Fibonacci numbers 5 and 2. The established patterns
enable us to determine value of the next term n of the Fibonacci numbers
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in modular 7 that are congruent with F ∗n = {0, 1, 2, 3, 4, 5, 6}. Congruence
between Fn and ∗F 7n is shown in Table 2.
Table 2: Congruence of Fibonacci number in modular 7
Column I Column II Column III Column IV Column V Column VI
7F ∗n n for P7 n for Q7 n for R7 n for S7 n for T7
07 8, 16, 24, 32, . . .
17 1, 17, 33, . . . 15, 31, 47, . . .
2, 18, 34, . . .
6, 22, 38, . . .
27 3, 19, 35, . . . 13, 29, 45, . . .
37 4, 20, 36, . . .
47 12, 28, 44, . . .
57 11, 27, 43, . . . 5, 21, 37, . . .
67 9,25,41,. . . 7,23,39,. . .
10, 26, 42, . . .
14, 30, 46 . . .
In Table 2, Column I states the value of ∗F 7n namely 0, 1, 2, 3, 4, 5,
6. Then, Column II states the terms of Fibonacci numbers in accordance
with the pattern established that fulfills the value of A7 In the pattern, A7
states the Fibonacci numbers in which the value is 1 goes to the term of
1, 17, 33, . . . , 2, 18, 34, . . ., and 6, 22, 38, . . . and the value of 5 goes to the
term of 9, 25, 41, . . . , 10, 26, 42, . . . and 14, 30, 46, . . .
Like column II, Column III states the terms of Fibonacci numbers in
accordance with the pattern that has been formed which fulfills the value
of 7 namely 2 in which the value goes to the term of 3, 19, 35, . . . and 5 in
which the value goes to the term of 11, 27, 43, . . . Column IV assures the
terms of Fibonacci numbers are in accordance with the pattern established
that fulfills the value of C7 namely 3 in which the value goes to the term of
4, 20, 36, . . . and 4 in which the value goes to the term of 12, 26, 42, . . ..
Column V states the terms of the Fibonacci number in accordance
with A−17 namely the value of 6 that goes to the term of 7, 23, 39, . . . and 1
that goes to the terms of 15, 31, 47, . . ..
Column VI states the terms of the Fibonacci number in accordance
with B−17 where 5 goes to the terms of 5, 21, 37, . . . and 2 goes to the terms
of 13, 29, 45, . . ., Then, terms that are congruent with 06, the value goes to
the term of 8, 16, 24, . . ..
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Table 3: The Fibonacci number in modular 8
n 8F ∗ n 8F ∗ n 8F ∗ n 8F ∗ n 8F ∗ n 8F ∗
1 18 7 58 13 18 19 58 25 18 31 58
2 18 8 58 14 18 20 58 34 17 42 67
3 28 9 28 15 28 21 28 27 28 33 28
4 38 10 78 16 38 22 78 28 38 34 78
5 58 11 18 17 58 23 18 29 58 35 18
6 08 12 08 18 08 24 08 30 08 36 08
From Table , it is known that the value of Fibonacci numbers in mod-
ular 8 return to the original value after the term of 12 (∗F 816). The values
of Fibonacci numbers in modular 8 can be formed in the following symbol
D8D828E8T808 where D8 states the value of Fibonacci number of 1 and 5,
E8 states the value of Fibonacci number of 3 and 7, and T8 states the value
of Fibonacci number of 5 and 1. The pattern that has been formed enables
us to determine the values of next term n of Fibonacci numbers that are
congruent in modular 8 as seen in the following table.
Table 4: Congruence of Fibonacci number in modular 8
Column I Column II Column III Column IV
8F ∗n n for N8 n for M8 n for P8
08 6, 12, 18, . . .
18 1, 13, 25, . . . 11, 23, 35, . . .
2, 14, 26, . . .
28 3, 9, 15, . . .
38 4, 16, 28, . . .
58 7, 19, 31, . . . 5,17,29,. . .
8, 20, 32, . . .
78 10, 22, 34, . . .
Like Table , column I also states the value of ∗F 8n namely 0,1,2,3,4,5,6.
Then, column II states terms of Fibonacci numbers accordance with the
formed pattern that fulfills the value of D8. In the pattern, D8 states Fi-
bonacci numbers where the value of 1 goes to the term of 1, 13, 25, . . . and
2, 14, 26, . . ., the value of 5 goes to the terms of 7, 19, 31, . . . and 8, 20, 32, . . ..
Like column II, column III states the terms of the Fibonacci number
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in accordance with the formed pattern that fulfills the value of E8 where the
value of 3 goes to the terms of 4, 16, 28, . . ., and the value of 7 goes to the
terms 10, 22, 34, . . .. Column IV states the terms of the Fibonacci number
in accordance with the formed pattern that fulfills the value of T8 where the
value of 5 goes to the terms 5, 17, 29, . . . and the value of 1 goes to the terms
of 11, 23, 35, . . .. Then, terms that are congruent with 0 goes to the terms
of 6, 12, 18, . . ., and the value of 2 goes to the terms 3, 9, 15, . . ..
3. ANALYSIS OF RELATIONSHIPS OF FIBONACCI
NUMBERS IN MODULAR 7 AND MODULAR 8
Analysis of Relationships of Fibonacci Numbers in Modular 7 and
Modular 8 is an analysis of relationships of terms of Fibonacci numbers
in which the congruence is determined in modular 7 and modular 8. Some
relationships identified are explained in the following conjectures:
Conjecture 1.1 For all n, k are the whole numbers, then it applies,((∗F 7n)n mod 7)6 ≡ 0 mod 7
for every n = 8k, 1 for n another.
Proof: Fibonacci numbers in modular 7 consists of 16 terms in which the
terms repeat after the 16th term and its multiples. Therefore, to show the
conjecture, a congruence table of conjecture 1 in modular 7 is shown in Table
5.
Conjecture 1.2 For all n, k are the whole numbers, then it applies,(∗F 8n∗F 8n+1∗F 8n+2)3 ≡ 0 mod 8.
Proof: Like the Proof of conjecture 1.1, a congruence table
(∗F 8n∗F 8n+1∗F 8n+2)3 ≡
0 mod 8 of conjecture 2 in modular 7 is shown in Table 6.
Conjecture 1.3 For all n, k are the whole numbers, then it applies,(∗F 8n∗F 8n+6)2 ≡ 0 mod 8.
for n = 3k and 1 for another n.
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Table 5: Congruence of Conjecture 1
n ∗F 7n n mod 7
(∗F 7n)n mod 7 ((∗F 7n)n mod 7)6
1 1 1 1 1
2 1 2 1 1
3 2 3 1 1
4 3 4 4 1
5 5 5 3 1
6 1 6 1 1
7 6 0 1 1
8 0 1 0 0
9 6 2 1 1
n ∗F 7n n mod 7
(∗F 7n)n mod 7 ((∗F 7n)n mod 7)6
11 5 4 2 1
12 4 5 2 1
13 2 6 1 1
14 6 0 1 1
15 1 1 1 1
16 0 2 0 0
17 1 3 1 1
18 1 4 1 1
19 2 5 4 1
20 3 6 1 1
21 5 0 1 1
22 1 1 1 1
23 6 2 1 1
24 0 3 0 0
Proof: Like conjecture 1.1 and conjecture 1.2, to show conjecture 1.3, con-
gruence table
(∗F 8n∗F 8n+6)2 ≡ 0 mod 8 is shown in Table 7.
Conjecture 1.4 For all n, k are the whole numbers, then it applies,
∗F 7n
∗L7n −
(∗F 7n∗L7n)7 ≡ 0 mod 7.
for n = 3k and 1 for another n.
Proof: For conjecture 1.4, congruence table ∗F 7n∗L7n−
(∗F 7n∗L7n)7 ≡ 0 mod 7
is shown in Table 8.
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Table 6: Congruence of Conjecture 2
n ∗F 8n
∗F 8n+1
∗F 8n+2
1 1 1 2 2 0
2 1 2 3 6 0
3 2 3 5 6 0
4 3 5 2 6 0
5 5 2 1 2 0
6 2 1 3 6 0
7 1 3 4 4 0
8 3 4 1 4 0
9 4 1 5 4 0
10 1 5 0 0 0
11 5 0 5 0 0
12 0 5 5 0 0
13 5 5 4 4 0
n ∗F 8n
∗F 8n+1
∗F 8n+2
14 5 4 3 4 0
15 4 3 1 4 0
16 3 1 4 4 0
17 1 4 5 4 0
18 4 5 3 4 0
19 5 3 2 6 0
20 3 2 5 6 0
21 2 5 1 2 0
22 5 1 3 0 0
23 1 0 1 0 0
24 0 1 1 0 0
Conjecture 1.5 For all n, k are the natural numbers, then it applies,
2∗L4n − 9∗L2n ≡
(∗L8n)4 .
Proof: To show conjecture 1.5, congruence table 2∗L4n − 9∗L2n ≡
(∗L8n)4 is
shown in Table 9.
4. CONCLUSION
Some relation of the terms of Fibonacci numbers and Lucas number in
modular 7 and modular 8 as:
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Table 7: Congruence of Conjecture 2
n ∗F 8n
∗F 8n+6
∗F 8n
∗F 8n+6
(∗F 8n∗F 8n+6)2
1 1 5 5 1
2 1 5 5 1
3 2 2 4 0
4 3 7 5 1
5 5 1 5 1
6 0 0 0 0
7 5 1 5 1
8 5 1 5 1
9 2 2 4 0
10 7 3 5 1
11 1 5 5 1
12 0 0 0 0
13 1 5 5 1
14 1 5 5 1
n ∗F 8n
∗F 8n+6
∗F 8n
∗F 8n+6
(∗F 8n∗F 8n+6)2
15 2 2 4 0
16 3 7 5 1
17 5 1 5 1
18 0 0 0 0
19 5 1 5 1
20 5 1 5 1
21 2 2 4 0
22 7 3 5 1
23 1 5 5 1
24 0 0 0 0
a.
((∗F 7n)n mod 7)6 ≡ mod7, for n = 8k and 1 for another n.
b.
(∗F 8n∗F 8n+1Fn+2)3 ≡ 0 mod 8.
c.
(∗F 8n∗F 8n+6)2 ≡ 0 mod 8 for n = 3k and 1 for another n.
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Table 8: Congruence of Conjecture 2
n ∗F 7n
∗L7n
∗F 7n
∗L7n
(∗F 7n∗L7n)7 ∗F 7n∗L7n − (∗F 7n∗L7n)7
1 1 1 1 1 0
2 1 3 3 3 0
3 2 4 1 1 0
4 3 0 0 0 0
5 5 4 6 6 0
6 1 4 4 4 0
7 6 1 6 6 0
8 0 5 0 0 0
9 6 6 1 1 0
10 6 4 3 3 0
11 5 3 1 1 0
12 4 0 0 0 0
13 2 3 6 6 0
14 6 3 4 4 0
15 1 6 6 6 0
16 0 2 0 0 0
n ∗F 7n
∗L7n
∗F 7n
∗L7n
(∗F 7n∗L7n)7 ∗F 7n∗L7n − (∗F 7n∗L7n)7
17 1 1 1 1 0
18 1 3 3 3 0
19 2 4 0 0 0
20 3 0 1 1 0
21 5 4 6 6 0
22 1 4 4 4 0
23 6 1 6 6 0
24 0 5 0 0 0
25 6 6 1 1 0
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